Abstract. In this article, we establish the existence of solutions for integral inclusion of fractional order. The study holds in the case when the set-valued (multi-valued) function has convex and non-convex values. Also we illustrate our results with examples to which our abstract theory applies.
INTRODUCTION
The class of fractional operator equations of various types plays very important role not only in mathematics but also in physics, control systems, dynamical systems and engineering. Naturally, such equations required to be solved. There are numerous books focused in this direction, that is concerning the linear and nonlinear problems involving different types of fractional derivatives as well as integral see [20, 22, 23, 27, 28] . In [13, 14, 17] , El-Sayed and A. G. Ibrahim gave the concept of the definite integral of fractional order for set-valued function. Integral and integro-differential (linear and nonlinear) in abstract spaces has been studied by several authors see [3, 18, 24, 25] . Applications of this type of problem arise in the study of control systems (see [1, 2, 10] ). This paper concerned with the following fractional integral inclusion. where i Ä t 2 J; 8i D 1; :::; n; F W J R ! P .R/ is a set-valued function with nonempty values in R; P .R/ is the family of all nonempty subsets of R; I˛F .t; u.t // are the definite integral for the set-valued functions F of order˛which is defined as This paper will be organized as follows: In Section 2, we recall briefly some basic definitions and preliminary facts from set-valued analysis which will be used later. In Section 3, we establish the existence of the solution for the single-valued problem
by using the Schauder fixed point theorem, (see [6] ) and the uniqueness of the solution by using the Banach fixed point theorem (see [29] ). In Section 4, we shall study the existence of solution for the set-valued problem 1.1 when F has convex values, as well when it has with non-convex values, via the single-valued problem as well as fixed point theorems of the set-valued function. In the first case (convex) a fixed point theorem due to Bohnenblust and Karlin (see [8, 31] ) is used. A fixed point theorem for contraction set-valued functions due to Covitz and Nadler [11] is applied in the second one (non-convex). Also we illustrate our results with examples.
PRELIMINARIES
In this section, we introduce notations, definitions, and preliminary facts from setvalued analysis which are used throughout this paper. For further background and details pertaining to this section we refer the reader to [4, 7, 15, 16, 19, 26, 30] .
B WD C OEJ; R is the Banach space of all continuous functions from J into R with the norm kuk D supfju.t /j W t 2 J g for each u 2 B: L WD L 1 OEJ; R denotes the Banach space of measurable functions u W J ! R which are Lebesgue integrable normed by
for each u 2 L: Let .X; j:j/ be a normed space, The following definitions are used in the sequel.
u 2 R where h is called the bounded function of p.
x/ is measurable for each x 2 R; and (ii) x 7 ! F .t; x/ is u.s.c. for almost t 2 J .
.t / for all juj Ä r and for a.e. t 2 J . is metric and is called Hausdorff metric on X: Moreover .P cl;b .X /; H / is a metric space and .P cl .X /; H / is a complete metric space(see [21] ). It is clear that (i) the set F .M / is relatively compact; (ii) the set-value function F is u.s.c on M I (iii) the set F .x/ is nonempty closed and convex for all x 2 M .
Then there is x 2 M such that x 2 F .x/.
Lemma 2 (Covitz-Nadler). Let .X; d / be a complete metric space. If G W X ! P cl .X / is a contraction, then G has a fixed point.
SINGLE-VALUED PROBLEM
In this section we prove that the integral equation 1.2 has a solution u.t / on J . Let us formulate the following assumption: ; then by the assumption of the theorem and the properties of the fractional calculus we obtain that
So we obtain that
That is P W B r ! B r : Then P maps B r into itself. In fact, P maps the convex closure of P OEB r into itself. Since f is bounded on B r ; thus P OEB r is equicontinuous and the Schauder fixed point theorem shows that P has at least one fixed point u 2 B D C OEJ; R such that P u D u; which is corresponding to the solution of 1. Proof. Assume the operator P defined in equation 3.1 then we have Hence by the assumption of the theorem we have that P is a contraction mapping. Then in view of Banach fixed point Theorem, P has a unique fixed point which is corresponding to the solution of equation 1.2.
SET-VALUED PROBLEM
In this section we establish the existence results for the integral inclusion 1.1 when the right hand side is convex as well as when it is non-convex valued. The study will be taken in view of the single-valued theorems as well as fixed point theorems of set-valued function. Let us illustrate the following assumption (H3) The set-valued function F W J R ! P cl;c .R/ is L 1 X .J; R/-Carathéodory with a growth function h 2 L 1 .J; R/ such that kF .t; u/k Ä h.t / a.e t 2 J for all u 2 R. Proof. The proof here is depending on the single-valued problem. For each u.t / in R the set S F .u/ is nonempty, since by .H 3/; F has a non-empty measurable selection (see [9] ). Thus there exists a function f .t; u/ 2 F where f is a L Proof. Now we shall show that the assumptions of Lemma 1 are satisfied. Consider the following space˝WD fu W J ! Rju.t / 2 C OEJ; Rg which is a Banach space endow with the sup. norm. Consider the set-valued operator N W˝! P .˝/ defined by
We shall show that N satisfies the assumptions of Lemma 1. The proof will be given by several steps. Define a set K WD n u 2˝W kuk Ä r WD T˛khk .˛C1/.1 nB/ o such that supfju.t /j W u 2˝g < 1. It is clear that K is nonempty, bounded, closed and convex subset of˝. Note that by (H3) S F .u/ ¤ ¿. □
Step 1: N.K/ K: Let u 2 K; we must show that N.u/ 2 K: For all h.t / 2 N.u/; we have
Step 2: N.K/ is relatively compact set. We must show that N is a compact operator. Since K is bounded closed and convex set and N.K/ K, it follows that N.K/ is bounded closed and convex set. Moreover, for 0 Ä t 1 Ä t 2 Ä T such that jt 2 t 1 j < ı; ı > 0 and u 2 K then for all h.t / 2 N.u/;
which is independent of u, and that implies that N.K/ is equicontinuous. An application of Arzela-Ascoli Theorem yields that N maps K into a compact set in˝, that is N I K ! P .˝/ is a compact operator. Thus N.K/ is relatively compact set.
Step 3: N is upper semi-continuous on K: Since N W K ! K is closed and compact and that N.K/ is relatively compact set then in view of Remark 1, we obtain that N is u.s.c on K:
Step 4: N.u/ is a convex. Let h 1 .t /; h 2 .t / 2 N.u/ then there exist two functions
Let 0 Ä ı Ä 1, then for each t 2 J we have
by the convexity of S F .u/; and F .t; u/ implies that OEıh 1 C .1 ı/h 2 .t / 2 N.u/: Hence N.u/ is convex. As a consequence of Lemma 1, we deduce that N has a fixed point which is a solution for the integral inclusion 1.1. Hence the proof is complete. In order to study the existence for the problem 1.1 in non-convex case, we introduce the following assumptions.
(H4) F W J R ! P cl .R/; .t; :/ 7 ! F .t; u/ is measurable for each u 2 R: 
.˛C 1/ < 1;
then the integral inclusion 1.1 has at least one solution u.t / on J:
Proof. For each u.t / in R the set S F .u/ is nonempty since by .H 4/; F has a nonempty measurable selection (see [9] ). Then there exists a function f .t; u/ 2 F such that f is`.t /-Lipschitz. Thus by the assumption of the theorem and by Theorem 2, the inclusion 1.1 has a solution. Hence the proof is done in view of the singlevalued problem. □
In order to study the existence for problem 1.1 by using Lemma 2, we must show that N W˝! P .˝/ defined in 4.1 is a contraction set-valued mapping. The proof will be given in two steps.
Step 1: N.u/ 2 P cl .˝/ for each u 2˝: Let fu m g m 0 2 N.u/ such that u m ! e u in˝: Then e u 2˝and there exists f m 2 S F .u/ such that for t 2 J 
